Abstract. Let G be a locally compact group. It is shown that for a homogeneous Banach space B on G satisfying a slight additional condition there exists a minimal space fimm in the family of all homogeneous Banach spaces which contain all elements of B with compact support. Two characterizations of Bm¡1¡ aie given, the first one in terms of "atomic" representations. The equivalence of these two characterizations is derived by means of certain (bounded) partitions of unity which are of interest for themselves.
, 6/ and sup \{i\yKx n y,K2 * 0}| < \KXK2XV\ \V\~X < oo (2) yeG for all pairs Kx, K2 of compact sets in G. In particular, (yjW)ieI defines a locally finite covering of G for any compact subset W D V2.
Proof. By Zorn's lemma there exists for each V a set Y = {y¡}ie/ that is maximal among those sets Z such that zxVnz2V = 0 for zx, z2 G Z, z, =?* z2.
Then G = U,e/y¡V2, and (3) imphes for any pair Kx, K2 of compact sets and y G G \{i\yKx n ytK2 * 0}| < \{i\yKxK2xV D v,F}| < I^Ä^I |K|-'.
Remark 1. This result coincides with Lemma 3.2 of [2] . It is related to the covering lemma due to Emerson and Greanleaf ([4] , cf. also [13] , or [1, p. 70 
]).
Theorem 2 (partition of unity). Let B be a homogeneous Banach space on G that contains positive functions u ¥= 0 with arbitrary small support, and let W be an open subset of G. Then there exists a bounded partition of unity (<p(),e/ G B, i.e., 2 <p,(x) = 1 and supltotl« < C < oo,
¡e/ ¿6/ and supp <p, Ç v, W for all i G I.
Furthermore, the family (v,),e/ satisfies (2) for some V where Va G W.
Proof. Choose V and { v,} such that V = V~x, Va G W and such that { v,} satisfies Lemma 1. Then whenever tp G ®+(G) has i|<= Ion K2, supp x¡/ G V3 and 0 < V» < 1, the function ^ defined by ^ = 2ie/Lj,»// satisfies 1 < *(x) < Q for all x G G,
where CK is independent of v//. If we set i/<, = (Lyy¡/)'$t~x we have 2 Ux) = L SUPP *! £ X-73-0 < *<*) < 1 for x G G. 
sup Hull, < sup ||*||,||«||B < |F3| ||«||, < oo.
¡el iei General hypothesis. From now on we suppose the following situation to be given: B is a homogeneous Banach space on G, which is a Banach module (with respect to pointwise multiplication) over a homogeneous function algebra A, i.e., we suppose that A G Cb(G) is a homogeneous Banach space as well as a regular, selfadjoint Banach algebra (with pointwise multiplication), such that ||A/||B < ||AHJ/||jforallAeil,/€J. Proof. It is a matter of routine to verify that || !!""" defines a translation invariant, complete norm on B^^. Furthermore, it follows from the definition that the elements of the form g = 2* _,£>,__/,, constitute a dense subspace of Bmin. It will therefore be sufficient to show that \\Lzg -gHm^->0 for z -*e for such g's. We have It should be mentioned that the above characterization also implies that different relatively compact sets Q with nonvoid interior define the same space with an equivalent norm. That can also be shown directly, using Theorem 2 (for similar assertions cf. [1] , [2] , [7] or [12] ). Corollary 4. Let A be homogeneous function algebra. Then v4min is a Segal algebra on G. In particular, Aaún is a Banach ideal in Ll(G) (with convolution) as well as in A (pointwise multiplication). Furthermore, AnÚB is the minimal element in the family of all homogeneous Banach spaces which are at the same time Banach-Amodules with respect to pointwise multiplication.
Proof. Since A is regular and self adjoint, there exists elements u G A, u > 0, with arbitrary small (compact) support (contained in V = V1). Hence, Amin is a Segal algebra by Theorem 3. Since, for obvious reasons, A ^ is also a (pointwise) Banach-^4 -module, it is sufficient to show that any homogeneous space C with that property satisfies C D Aa. Let/ e A$, with supp/ = K G Gbegiven, and let u be as above. Choose now any k G ñ+(G) such that k(x) = 1 for all x G KV. Then k » u(z) = 1 for all z G K, and k * u G ®(G) * A G A. We obtain/ = (k * u)f G AB G B, and our assertion is verified.
Next we make use of the partition of unity in order to give another description of minTheorem 5. Let B satisfy the general hypothesis, and let g G As, g ^ 0 be given such that g(x) = const on some open set U G G. Then Bmin = Bx = {/ G BXoc, \\f\\Bl-fj{lyg)f\\B dy < oo J, (12) and the norms || \\B¡ and || H^ are equivalent on i?^.
Proof. It follows from (10) that we have fi,^ Ç Bx, provided that there exists C, > 0 such that sup IIVII*. < Cx\\f\\B for all/ Ê B, with supp/ G Q.
z£G But (13) follows from this:
f \\LygLJ\\Bdy< |z(supp/)(suppg)| ||*|U|/||,.
JG
There remains the difficult part of the proof, i.e. the inclusion Bx G £",",. The following lemma will be used. 
Proof. Making use of (2) 
On the other hand (15) and (8) 
/'£/(*) lG/(fc) V|K However, (23) gives a contradiction to (17) . That completes the proof. Remark 3. It is not difficult to show that one can drop the condition g = const on U if A possesses "local inverses", i.e. if A is a standard function algebra as considered in [15, Chapter II] (e.g. A = C°(G), or A = A(G) = {/|/ G L\G)}, the Fourier algebra). In particular, any two nonzero elements g" g2 G As define equivalent norms on B,^. Going back to the characterization of Bmin given in Corollary 4 one can even show that/ G AmiD iff /G||/(iy/)ll^ dy < oo in this case. Remark 4. It follows from the proof of Theorem 5 that 2,e/||/<)PI||s defines another equivalent norm on 5,^ for any bounded partition of unity (<p,),e/ G Ax as considered in Theorem 2.
Applications. For A = C°(G) (space of continuous functions on G vanishing at infinity) Theorem 5 gives the main result of [6] (cf. [1, Proposition VIII], and [12] ). We have called (C^G)),,^ "Wiener's algebra" because it coincides with Wiener's classical algebra for G = R". For G Abelian, Theorem 5 coincides with the main result of [14] that has been proved there using structure theory. As already observed in [14] that allows the characterization of certain algebras of functions considered in [11] by a minimality property. For A = A(G) (Fourier algebra) the same result has been proved already in [7, II] (Theorem 1.1), also using structure theory. It can be shown that the space (A(G))min has a number of interesting properties which suggest it might become a useful tool in Harmonic Analysis. It will be treated in detail in a subsequent paper.
The choice B = Lp(G), 1 < p < oo (A = C°(G)) gives a family of Segal algebras, defined for arbitrary locally compact groups. Using essentially the arguments applied in the proof of Theorem 5 one shows that (Z/)min coincides with ll(Lp) (G Abelian, cf. [1] ), with W (see [10] ), or (Lp, ll) (G = R", cf. [7] ), or with Zj,, as defined in [2] . In particular, all these spaces coincide for an arbitrary locally compact group (as far as they are well defined). It is left to the reader to check the details.
It is clear that more general spaces are obtained if one replaces the scale of //-spaces by a more general family of solid Banach function spaces, e.g. Lorentz spaces or Orlicz spaces. The main advantage of the approach given above relies on the fact that our characterization is not limited to the case of solid spaces. It is also possible to consider Bmin for homogeneous Banach spaces B whose elements satisfy certain smoothness conditions. Thus, for example, our results apply to the classical Lipschitz spaces lip a, 0 < a < 1, since these spaces are homogeneous function algebras on R" (cf. [19, 2.8] ). These spaces, in turn, may be considered as the most simple examples (corresponding to p = q = oo) of Besov spaces. The most general family of examples in this direction are the so-called spaces of Besov-Hardy-Sobolev-Triebel type BßQ and F* on R", with 1 < p, q < oo, s > 0. These two three-parameter families of spaces are treated in detail by Triebel in [17] and [18] . According to Theorem 2.6.1 of [18] these spaces satisfy the general hypothesis for A1 = C, r > r(p, q, s): Cr = {f\Daf G Cb(Rm) for \a\ < r), with the norm ||/||c, = 2H<J|Z>a/||00 (cf. Remark 2), or for A = closure of C^°(R") in C" (for a related statement see [3, Theorem 4.5 
]).
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We conclude by mentioning that (A(G))min is also well defined for arbitrary locally compact groups, if one takes A(G) to Eymard's Fourier algebra in this more general context. This, in turn, may be considered as the special p = 2 of the v4*(G)-algebras of C. Herz (cf. [5] ).
